(Proofs in Mathematics)

**Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as
poems do consist of characters
— VLADIMIR ARNOLD <

A.1.1 9firerT (Introduction)

FHal IX, X qo1 XIH B9 HeA, 9o HUH, HUd o FoyA, faam don gfaueres
ey R AR, ST e, @rea g FmAras faa=m &t Geheure o a9
o 1g ok B

T8l &9 T el i fag (W) s w1 fafae fafual w famm i

A.1.2 Ut T 2 (What is a Proof?)

ot TIforier sher ot St W el T U ST fafawe g ¢, ek Yo e
o sfifeca = foret aRenfora g o1 foredt stfpeia on foredt Ut @resr g1 g shd
&, fort fmafer fafyr qen = smaftanfod asi gr0 vl i difeher oMt 61 wam
< T vt S g A

TH YR Yedeh Suufd fmafes qenf &1 U @ g @, e @ g 6t oo
ReheuTd qen frehd B 1 ifurshal g ferelt wrea ot Sad fRu gu qedt @ weae Gfd
N fag #%d B R we-edt e v @Y fag w6 A1 oTden STk GAded Wi
1 TG T S 2al €1 39 YR Frelt W i foag & w1 < fafuat weivfa et
€, d: Yool SUGM 1ol STqcdel SUuTd 9 $@eh Sifdiem Wedsh faty ® o
f-fo= alieh e ®, foment == 9= @ T R

YeIeT YT I8 WA % 98 39U ©, 9 7 1Y ¥U | ued qea 9 Uiy oY
e 1 I9afa T W B
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198 Tfora

(i) Hrem-dremr SWEA (Approach) T ehl 1 Teh S@el €, S YSH 3@l shicqd
Al ¥ Y IR ek, PRIl aRwifya wgi qen qd gt WAt i werd
T ek & femi o van gr, fag fhe o el fred w1 geifor s 21

Frfafad 33eo | fa=mr wifs:

SEEIUT 1A P2 —5x+6=07 x=3 x=2T

T - 5x+ 6 =0 (& ?)

= (x=3) (x—2) =0 (TH HH & oI SAh ¥ e W)

= x—=3=0Aqx—2=0 (TGO A ab=07F a=0Ab=0,a,be REA)

= x=343=0+3TAM x-2+2=0+2 (THHT % A Uil  THA e e
T 3T ghfa afafda &t et 21

= x+0=3Ax+0=2 (I o FTIq YUk o acadeh(Identity) TOT °h
TR §H)
= x=39ax =2 (A o dId Yol oh TdHE 01 o TAM GHI)
X=5x+6=0=x=3Tx=2
Tl p UEH HUT X2 —5x+6=0"% 3 ¢ FT=HT He “x=3AMx=2" B
FHA poh HAsH x> — 5x+ 6, THH oI Th 3G Fsh (x—3) (x—2) ¥
gfeeenfid w2 % B9 Tk oH5Hh 1 “(x — 3) (x—2) = 0" T W B
() = (x—3) (x - 2) TFE ThR ok 22— 5x+ 6 % TUH (qed) € 2
(i) et =ister &1 ST THM TH 311 o 4 80 Y gfqeenfud & ad © 2379
T vem 1 e fusel wmensh § [ores g fag e e el
X=5x+6=x*-3x-2x+6=x(x-3)-2(x-3)=(x-3) (x-2)
fgdta 99 aeh & 98 &Y (qeh o TEEl) g HWE el 2

T S r YdHUT (Premise) a1 YA HeA @ Sl €, @@ wed
st “x—3=0 Fx—2=0" I BIl &1 Tedeh =00 (steps) b1 Hifae wIS+ (brackets)
" fea 2
IE Wiehal TR a0 ook werdl Tl © St qeh g Sifan TRt W T wde Wi 2

qeh H1 TR HEQeAd A BN A8 YW e H ? fE p =¢
T 2l

p 8 URY Feh A GR p =r =5 =... =g &I JHIUG HifQ| Td:
“p =q” TA Bl
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Tfore & squfeal 199
3ETET0T 2 fag HIT & el £ R =R S fx) = 2x + 5 g TR 8, Tk Tohe!
(one—one)qv_cﬂ%

Syufe =M ST fF wer £ T B AR f(x) = f(x,) =x, = x,
(Thah! o 1 qRT)
a9 UH AT R f(x) = f(x,) S 20+ 5=2x,+ 5

= 20+ 5-5=2x,+5-5 (3 vl ¥ WA HE&A Sed W)

= 2x+0=2x,+0

= 2x, = 2x, (STEdfesh W@l § AT TEHE 1 0T
. 2 % = 2 xy Gl e e i e e
= X, =X,

3Td: e THa! T

(i) T TR

Tfordta smTEE, el w5 fag w0 w1 we i fafy R fwe ey it

S 21 T faf § S oted Frefanad SRR R SeRE B S

N & U& U4 3u8q==d S H, AR
(i) Yrehd "&A 1 e S dAM
(i) Uhd &N k+1le S & ke S,WS=N

Tfordts ST w1 fagid ge € T A T weM “S(n), n =1 fau qe @ (s1eren
frdl ot yrfyes He©m j o fou 9 @) 3 S ®oM n=k o fou ¥ 8R4 § =98
fdrifed € foh T8 n=k+ 1 o foIu rfarda: oot @ (S st o gl £ > j), @ wew
e fordl ot o= qurieh o, W8T n> j o forg @ g 2

39 B9 B IS o B

cos® sin O cosn® sinn 6}

—sin n©® cosnO

msqﬁ;A:[ } ?ﬁ&@mﬁsm:[

—sin® cos O

cosn® sinn 6}

—sin n©® cosnO

&l 7 feran f P(n):A":[
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200 Tford

cos O sin 0
—sin® cos O

TH 3@ ¢ T P(l):Alz[
3d: P(1) 93 2
o WM o T Pk) 9o €, e
. cosk©® sink©
PR =A™= _Gnk o cosk 6
ql &n fag & WEd € R P(k + 1) @ ®, S i Pk) T ®, @i

cos(k+1)6 sin(k+1)06
Ple+ 1) - A% = [—sin(kﬂ)e cos (k+1)6} @
T AR = AR A
Ifeh P(k) 3 &, S@ferg
[ cos kO sinke} [ cos 6 sine}

Ak+1 = .
| —sink® cos k@ —sin@® cos 0

__coskecose—sinkesine cosk ©sin O + sin k 6 cos O
| —sin k © cos 6 —cos k 6sin 6 —sin k 0 sin 6 + cos k 6 cos ©

(3Tr=2e T 8T)

[cos (k+1) 0 sin(k+1)0
| —sin(k +1)0 cos (k+1)6

A P(k + 1) T ®, 5@ H9 Pk) TF 2
AT P(n), noh |t WE (e qUiieR) o forg @ 2
(iii) Taf= feafaat & fa@sT gro oteer 9T grr Suute

HU p =g & T0g HE w1 g8 fafr haet asdi wa 8, S9 p ol IS Al
r, S, t (WW)ﬁﬁ'@%ﬁWWW@@W%p:rv s v t(ﬁﬁ“v”g'cﬂil?
g “ar o faw)

RIEREIRECHCE | r=gq;
s =4q,
2 I =q¢q
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wforg o squfaar 201
1y fR S, W (r v s v 1) =g, TS B S @ SR 3H YER p =y
IO B 2
7@ fafy o uftered &1 Yeier S99 90 1 Sirer Wil g1 e fafy series w9
T haet quft giaursHe € oe fagued g U weHl 1 @ w9 el

saretor 4 fFE e ABC, # fag wifsw &

a= bcosC+ccosB
T WA S R p FeM “ABC TH e € 7 qu g Fem
“a=bcosC+ccosB’ %
M ST fF ABC T 399 21 ¥d A § BC (STvaadidaR 98k ) W o«
AD gifem|
&0 A ® R T e @ At Ao B stfushentor st = quehio e
m%,wgﬂpaﬁr,sﬁm tﬁﬁ'@'&@ﬁwm%,ﬁ
r: ABC T = fust 7, fod £ C =gahion &)
s : ABC T& aifusranio fruqet ©, fomad £ C sferskarion 21
t: ABC T gushiol frust ®, fad 2 ¢ oo 21
d: B WA 1 IUg i GHest o foe srem-eem fag w2
I (i) 19 L A, £ B, a1 £ C 1 & =Fehiol € (31epfd Al.1)
gashv B19s ADB, g

BD
E:cosB A
37eIiq BD =AB cos B=ccos B
gashu fA9s ADC gR0 . 5
W _
AC = COS
ERIGY CD = AC cos C ] ~
s c B a D C
T Deos TTERfA A1.1
A a=BD + CD

=ccos B+ bcosC .. (1)
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202 TTfoTd

T (i) 91 £ C SAferehepiol € (3ehta A1.2)
gHsu A5 ADB §N0

BD
E =cos B
37Aiq BD = AB cos B
=ccos B

D £ ACD
AC =cos

=cos (180 - C)

3TTeRfd A1.2
=—cos C
SRIGY CD =-AC cos C
=—bcosC
3 a=BC=BD-CD
?ﬁﬁﬂ a=ccos B-(—-bcosC)
a=ccos B+ bcosC .. 2)
<900 (iii) 919 £ C WHIOT & (3Tepid A1.3) A
3191 ACB, g1
BC
E:cosB . ,
?ﬁﬁﬂ BC=AB cos B
A a =c cos B,
b cos C=bcos90°=0 u
aa: &9 for@ geohd © a=0+ccosB B a C
=bcosC+ccosB FTpTA A13 ... 3)

TR (1), (2) 92 (3) W B9 UM €, o feret Brys ABCH
a=bcosC +ccosB

TIM () ¥ r =>¢ THIE B

TIM (i) ¥ 5 =¢ T B

a9 (iii) ¥ 1 =¢ TAT0 B

FA: (r v s v 1) =g THIE B AU p =g THI0E 2,
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wforg o Syafaar 203

AT Suuta: U T wiea 1 e yifog 3 o Uas °, g9 3U%h 9uqed
fordt T i fag #%eh, US9 WA 1 JEIOE I €
(i) Tetrenfem grr SUUfe (Reductio Ad Absurdum):

Tl B9 3@ Al W YR hid © o qieheu W € qen Rt ot #1 ek o

i o 9E 51 29 39 et R wEed € R U 9 9o e, e B, S U

feieiferd 21 o7d: Yo oM T © 39 fafdl & Uk ISR g HHE B
SETETOT 5 W AYRT @A 1 W= Ui (Infinite) BTT €1
7o 4 eifeie foh w95 19 gemnst (Prime Numbers) b1 ¥Y=ad P S eraifra
21 81 39 A o 9 (Negation) i, S1ifd Toe 19 G o1 G=ad IR
T %, T A o €, S1eiiq e ST Wemsh o1 g qiihd ¥ sufae e weed
A TS ® YAEE H Thd §| AF e fF P, P, P,,..., P, HEE 19N
Teet &1 g T o9 °E e

N= (P, P,P..P) +1 (D)

e ® fF N ot Semsti &t gt ° 96 7, Fife g g w1 e off wen
g stfus 2
N =1 @ A9 §& ? A HgE Hen ©l

I N 19 W& 8 @ (1) o 9 el @ for Uk Ul 319 W o1 st
g, S e # T R

e 3R, A N U Hgo TEA B, ol $6h1 % W H T 9T 9k (Divisor)
B =few) g g w1 #1E Ff Gem N 1 fawfea (qofen @) =2 o gl €, it
I 9 fRe & g N1 faisd o W 99%a ¥ed | a=d 21 37d: N 61 94
ISTeh e o ST i o G €l

g I%, 38 ®eF &1 T T Tt o1 et w1 gE o o 7, fekeifa @1
T YR TR YURn 5 Geft st Semet 1 gqeaa ufkftd €, o
q: gt A9 WS 1 W=ad S{UfHa e €l

| Teoott | (o GfSu i swi swafa & fafamr sensit o foraved g0 swufa
1 fare #1 STEM 7))

(ii) WS HAT T UlaeHTHe ( contrapositive ) HIT oF WANT gRT SUUTH:
TET GUfqael ®oM p =¢ ®1 f9g FH & T W B TR AT HUH
~ g =~ p &I fag wwd € (foenell gugead w1 genfua Y T 7)1

foreht feu g wufaey wem o skt qen uRehea &1 fafva &3 374 9 J&s &

YT S § YS9 HUA T GIAUAHS HeH ol 2
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204 TTfoTd

SAETOT 6 TG HINY T £(x) = 2x + 5 g0 TR Fe £: R R Theh! ®er 2

T WeM THH T T, A f(x) = f(x,) =x, = X,
THH] TN hh B YA BN ¥ 204 5= 20, + 57 =, = x," T8 p =g, F
Y HE, TET 20+ 5=2x,+5FUA p & A x, =x, HUF ¢ Tl 39 910 Hl &7 IR
2 ¥ “veaw fafy” grn fag & g 2

B TH S heH o UideETcHsh e o WA gRI i qHITo Y Hehd @1 TRy Y
FUT F UAEATEF FI ~ g =~ p T, FA “IR f(x) = f(x) Tx =x"FH
TfauAeTR € <A x#x, W) £ S(x)”

A X, #X,

= 2x, # 2x,

= 2x+5#2x,+5
= Flx) #f(x,).

Flfeh “~ g =~ p”, R “p =¢” A T, T THR YU gof |
SEEI0T 7 HIUIG hifeg foh “afg 3Mge A, Invertible % qr A, Non-singular 2"
T ST FH H FdiehTcAS ®9 H fa@H W p =y T&l p FeH “3ME A, invertible
@ e q YT “A, non-singular B

Yo e ! AU i o Tasl | &H gHeh GquHIcHs S i JHI0E Hid €,
3‘[% IACATH non-singular 378 BEl % qal 3Ye A invertible T B
I AT non-singular 38 & 7  gEeht e g3 Al =02

“&A 1 i 7 8, FFIAI=0

3d: A, Invertible &l %I
T YR 4 I8 YA o feon o afs At non-singular W‘lﬁ%?ﬁA,
invertible =&l T FAA ~ g =~ p.
3d: I T 3T1=[% A invertible % ar A non-singular %I
(iii) WISTEIUT (counter example) gRT Ui
Tford o s ® W oTaeR off o €, v foRdt ufteRfeud st &1 9

IYAFT G H o i TAH ST B ST © SN AT IR0 & TIHH i
safafradar stfoffa o= Tt 2

T feufd o o8 o ® T, oM 1 o9 fag &9 & fou, g9 T 39
%3 Toh| el oM i 3T T oTell SSTER0T YegSTER0] HEcldl &

A Al =
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wforg & Syafaar 205

Fifer e p =g H1 G, W ~ (p =q) 1 oheled A Teh STUM Brel 1 37l
7 off sudfa &1 ww fafy 2

SETETUT 8 HUF: TAF ne N U, (52 + 1) TH 1907 TE&A 2l

78 ®HYA FEfafEad Jeon o YR W Teh 999 9 U1 T ol
S+ 1=224 1=55 % T 19T wem 2
2+ 1=204+1=17 f& 1907 wem 2
27+ 1=2841=257 5 & & 19 2l
Fafa, gom 3fic # g8 ATqHiwor GE gdia g €1 stadTen g gfquifea
fom T fF 2% 4 1 = 22 4+ 1 = 4294967297 T AN HEm W& 2 witE
4294967297 = 641 x 6700417 €1 STl < H&NA 1 UGS € (1 91 T o Afafer)
TH YHN g SATHIH T “T&F n o Iy 22 + 1 Th 9T §&1 8 Vne N+
IEA B
TS Shelel I€ Teh A0 foh 22 + | 319 &l €, 1 SEeU] SAIh Ul i Gisd
FT o fau v 2
;g fag =R 5 fF wem “9d@% ne N& fau, 22" + 1 T& 3199 9&T
27w T 2
SETETOT 9 HYA “YAF Had o SR Bid 21" W fomEm wifiu
Wﬂﬁ:%’qﬁmﬁ@ﬁmmﬁﬂﬂm%:
O f=x
(i) g =e
(i) 7 (x) =sinx
3 geft B x o el A o foT Had B Ak g9 s © feER w3
x o Gl Al o foIq sreehera €1 98 e 3 faverd o forg Ui @ @ foh ke
“yeieh Had wer SfaeherE Bl €7 Wed Bl fohg A€ B Wwer “o(x) = IxI” I
HeTHEATIAl 1 e Y, S fh Had €, @ 8H 2@d € o T8 x= 0 W Aeherg Tel
21 THeT A9 TE g3 o e “ yodeh Had e Sfeeheria il @7 3TEed @1 wer
“O(x) = x| T el F8 Teh SIME, SATTHIH0T h1 Wed FH o fory gafe 21 er:
T “O(x) = |xI” I T T FHem erufq, ‘e Tad wer tdeReta g 21" o
T HT I FEd B
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