Complementary Angles

{253 NTrRODUCTION

Till now, we have studied trigonometic ratios of standard angles such as : 0°, 30°, 45°, 60°
and 90°. Evaluation of trigonometric expressions, involing the trigonometric ratios of standard
angles is also done.

In this chapter, we shall be discussing and using the concept of trigonometric ratios of
complementary angles and with their applications.

CONCEPT OF TRIGONOMETIC RATIOS OF COMPLEMENTARY
ANGLES

[253] COMPLEMENTARY ANGLES FOR SINE (sin) AND COSINE (cos)

Consider a triangle ABC, in which ZB = 90°. If
ZACB = 0; then by the knowledge of geometry, we
know ZCAB = 90° - 6.

perpendicular  Ap

sin @ = sin ZACB = hypotenuse — AC |
" base AB
cos(90° — 8) = cos LCAB = "—"‘] fese = AC ||
From I and II, we get : sin 8 = cos(90° — 8) ie. co0s(90° - 8) = sin 6.
__base  pC
Now, cos © = cos ZACB = hypotenuse = 2c .o I
X ) perpendicular BC
sin(90° — 0) = sin LCAB = W = 1C wiu IV

From III and IV, we get : sin(90° - 8) = cos 6

Thus, 1. cos(90° — @) = sin ©
2. sin(90° - 0) = cos O




g @E COMPLIMENTARY ANGLES FOR TANGENT (tan) AND COTANGENT
(cot)

A
Consider a triangle ABC, in which ZB = 90°. If %
ZACB = 0; then ZCAB = 90° - 6. a3
perpendicul 8
i B AR o DR KN AD
base BC o
base AB c & =
cot(90° — 8) = cot LCAB = m = EE
tan O = cot (90° — 8) i.e. cot (90° - 0) = tan O
BC base
= e cot=——m«——
Also, cot 8 = cot ZACB = AB [ ndicular}
BC perpendicu lar
°-0)= = — n=——————
and, tan (90° — 6) = tan ZCAB B [ o ]

# cot @ =tan (90° - 0) ie tan (90°—-0)=cot 0
Thus : 1.  cot (90° — 0) = tan O
= (i) cot (90° — 20°) = tan 20°
(ii) cot (90° — 57°) = tan 57°
2. tan (90° -0)=cot O
= (i) tan (90° — 70°) = cot 70°
(ii) tan (90° — 25°) = cot 25°

2 -~ COMPLIMENTARY ANGLES FOR SECANT (sec) AND COSECANT
(cosec)

Using the given figure, we find :

Hipotes
560 0= s00, ZACH o ~JRC0NES | 4G

base ~ BC
and, cosec (90° — 0) = cosec ZCAB = % {C"S"C & p:;:;t:::f;r}
sec 0 = cosec (90° — 0)
ie. cosec (90° - 0) = sec O
AC
Also, cosec B = cosec ZACB = AB
and, sec (90° — B) = sec ZCAB = £
AB
cosec 0 = sec (90° - 0)
ie. sec (90° — 0) = cosec 0
Thus : 1. cosec (90° — 0) = sec 6
= (i) cosec (90° — 40°) = sec 40°

(ii) cosec (90° — 67°) = sec 67°




2. sec (90° - 0) = cosec 0
= (1) sec (90° - 35°) = cosec 35°
(ii) sec (90° — 82°) = cosec 82°

Solution :
; cos 47°
and, sin 72°

Il

cos(90° — 43°) = sin 43°
sin(90° — 18°) = cos 18°

(cos 47"]2 i (.sln 72,,)2 T ™

sin 43° cos 18°
¢ 2 ao\Z 2
- (M) & (00‘513") —ax| L
~ \sin43° cos 18° J2
= P+P-2x3=2-1=1 Ans.

Solution :
@ cosec 82° - sec 8° = cosec (90° - 8°) — sec 8°
=sec 8 —sec 8 =0 Ans.

(i) sec 70° sin 20° + cos 20° cosec 70°
= sec (90° — 20°) sin 20° + cos 20° cosec (90° — 20°)
= cosec 20° sin 20° + cos 20° sec 20°

1 1
e 2 o ]
= 4in 20° x sin 20° + cos 20° x o 30

1+1=2 Ans.




Solution :
(i) Since, cos 55° cos (90° — 35°) = sin 35°
and, sin 55° = sin (90° — 35°) = cos 35°
cos 55° sin 35° + sin 55° cos 35°
= sin 35° sin 35° + cos 35° cos 35°
= sin® 35° + cos? 35° = 1 Hence Proved.
(i)  Since, tan 72° = tan (90° — 18°) = cot 18°
and, cot 72° = cot (90° — 18°) = tan 18°
,1an72°  cot72° cot 18° L tan18°
“cot18°  tan18° " cot18°  tanl8°
=1-1=0 Hence Proved.

[}

(iii) Since, sec 70° = sec (90° — 20°) = cosec 20°
and, cosec 70° = cosec (90° — 20°) = sec 20°
= sec 70° sin 20° + cosec 70° cos 20°
= cosec 20° sin 20° + sec 20° cos 20°

1
-cos20°=1+1=2

Hence Proved.

- sin 20° +

]

sin 20° cos 20°

Solution :
‘We know that tan (90° — 0) = cot 0 and cot(90° — 0) = tan 0
2 tan 53° cot 80° 2 tan (90°-37°) cot(90°-10°)

cot 37° T tanl0°
2c0t37°  tan10°
cot37° ~ tan10°
2-1=1 Ans.

cot37° ~ tan10°

Alternative method :

2tan53°  cot 80° 2tan53° cot 80°
cot37° ~ tan10° ~ cot(90°-53°) T tan(90°-80°)




_ 2tan53°  cot80°
~ .tan53° ~ cot80°
2-1=1 Ans.

I

Solution :
(i) L.H.S. = cos A sin A

R.H.S.

1 =omAxooszA=sinAcosA

cos? A
& LHS. = RH.S. Hence Proved.

(i) LHS. = -s% i

sin A
= sin* A -sin? A = 0 = RH.S. Hence Proved.

Solution :
cos 38°sec (90° -2A)=1 = cos 38° cosec 2A =1 [ sec (90° — ) = cosec 6]

= cos 38°x —or =1
=> sin 2A = cos 38°
= cos (90° - 52°)

= sin 2A = sin 52°
* 2A=52° and A =26°

Solution :
In A ABC, A+B+C = 180°
=5 A+B= 180°-C




A+B C

= =90°- —
2 90 >
A+B C
= 90° - —
sec 3 - sec( >
C
= cosec — [sec (90° — ©) cosec 6]
Hence Proved.
1. Evaluate : 5. For triangle ABC, show that :
., cos 22° ... lan47° . . A+B C
(l) sin 680 (-“-) cot 430 (l) sin 2 = COS "2_
... secT5° . . cos55°  cot35° ) B+C A
W) ety M Gnase T pase (@) tan — = = cot-)
(v) sin® 40° — cos? 50° 6. Evaluate :
(vi) sec? 18° — cosec® 72° @ 3 sin 72° sec 32°
1 - =]
(vii) sin 15° cos 15° — cos 75° sin 75° cos18°  cosec 58
(viii) sin 42° sin 48° — cos 42° cos 48° (ii) 3 cos 80° cosec 10° + 2 sin 59° sec 31°.
..., sin80° .
2. Evaluate : (1ii) ~ + sin 59° sec 31°
cos 10

(i) sin (90° — A) sin A —cos (90° - A) cos A
(i) sin?® 35° — cos? 55°

cot 54°

(i) = tan 20°
tan 36° cot 70°
. . 2tan53°  cot80°
(iv) -
cot37°  tan10°

(v) cos? 25° — sin? 65° — tan? 45°

—— -
(vi) [S“‘T" } + ("f”’” ] - 2 cos? 45°
cos13° sin13°

3. Show that :
(i) tan 10° tan 15° tan 75° tan 80° = 1
(ii) sin 42° sec 48° + cos 42° cosec 48° = 2

4. Express each of the following in terms of
angles between 0° and 45° :

(i) sin 59° + tan 63°
(ii) cosec 68° + cot 72°
(iii) cos 74° + sec 67°

(iv) tan (55° — A) — cot (35° + A)
(v) cosec (65° + A) — sec (25° — A)

. o @n57°  cot70°

2 - - cos 45°
o) 2 3% ~ w2 V2
(vii) cot? 41° o sin 2 75°
tan? 49° cos 215°
... cosT0° cos 59° Sl
) e T s Dy

(ix) 14 sin 30° + 6 cos 60° — 5 tan 45°.

7. A triangle ABC is right angled at B; find the
sec A-sinC—tan A-tan C
sin B

value of

8. In each case, given below, find the value of
angle A, where 0° < A < 90°.

(i) sin (90° — 3A)-cosec 42° = 1
(i) cos (90° — A)-sec 77° =1
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