Trigonometrical Ratios of
Standard Angles

[Including Evaluation of an Expression Involving
Trigonometric Ratios]

23.1| TRIGONOMETRICAL RATIOS OF ANGLES 30° AND 60°
Let ABC be an equilateral triangle with side ‘2@’ and AD is perpendicular to BC.

BC
Clearly, BD = o e
In A ABD, AD? = AB? - BD? [Using Pythagoras Theorem)
= (2a)* - a* = 3a°
HAD = JJ3.4
Since, each angle of an equilateral triangle is 60°
£B = 60° and
ZBAD = 180° — (60° + 90°) = 30°
. In A ABD,
g B AD 3a 8 Lo BB BD a4
O = hyp. T AB T T2 T 2 T hyp. T AB T 22 2
. base BD a 1 base AD V3.a ‘/5
W Sty T AR T PR NS T R T T
o_pep-_ AD _3a _ o_PeP-_BD _ a4 _ 1
tan 4% base BD =R e AD Jaa A
and so on

23.2| TRIGONOMETRICAL RATIOS OF ANGLE 45°

The adjoining figure shows a right-angled isosceles triangle in which £ZB = 90° and

AB =BC = a. C
Clearly, ZA =45°"
and, AC=2.4 [Since, AC? = AB2 + BC?] o
o
g perp. BC a 1 ¥ i
snn45°=h—= E=\/——=—H;
yp- 2a 2 45°
R e
hyp. AC :}2-(1 JE
perp. BC

tan 45° = =
- base AB

Also, remember that :
sin 0° =0;cos 0° =1
sin 90° = 1; cos 90° =0

a
=— =1 and soon.
a




Therefore, for standard angles of 0°, 30° 45°, 60° and 90°, we have :

1. It can be seen from the table, given above, that as the angle increases from 0° to 90°;
(i) value of sin increases from 0O to 1 ;
(ii) value of cos decreases from 1 to 0
(iii) value of tan increases from 0 to -  and so on.

2. Ifx=y=45°o0r x+y=90° then, sin x = cos y; tan X = cot y and sec X = COsec Y.

g 1
For example : sin 45° = cos 45° = —— [x =y = 457
V2
1
and also sin 30° = cos 60° = 7 [x +y = 90°]
A;

3. Whatever be the measure of angle
(i) sin? A+ cos? A =1
(ii) sec? A — tan? A = 1
(iii) cosec? A — cot? A = 1 _
For example : If A =30° sin® A + cos? A

sin? 30° + cos? 30°




Solution :
(i)ﬁnzsoo-zwwo+3tan‘45o

2 e
T cL
[2) _2(2) + 3. (1)t
1 1

1 1

(ii) (cos 0° + sin 45° + sin 30°) (sin 90° - cos 45° + cos 60°)

- (o) (53

Solution :
1
sin 30° - sin 90° + 2 cos 0° 5—1-!-2)(1
T a——— 1.3
V3
I
2 1+2




Solution :

0

Solution :
8 sin 2x cos 4x sin 6x

8 sin(2 x 15°) cos(4 x 15°) sin(6 x 15°)
8 sin 30° cos 60° sin 90°
1 .1 gl
8 x 7 X 73 X 1=2 Ans.

1. Find the value of : __ ny 1—tan230°
@) sin 30° cos 30° @) cos2 % 307 = 111an230°
(i) tan 30° tan 60° | 2 tan30°
(iii) cos? 60° + sin? 30° (iif) tan (2 x 30%) = 7"¢,n730°
(iv) cosec? 60° — tan? 30° 5. ABC is an isosceles right-angled triangle.
(v) sin? 30° + cos? 30° + cot? 45° Assuming AB = BC = x, find the value of
(vi) cos? 60° + sec? 30° + tan? 45° each of the following trigonometric ratios :
i e A
2. Find the value of : A s
(i) tan? 30° + tan? 45° + tan? 60° (i) cos 43
, (iii) tan 45°
(i) tan 45° +sec60° 5 sin 90°
u i
cosec 30°  cot 45 2 cos 0° 6, Piove it c B
(iii) 3 sin? 30° + 2 tan® 60° — 5 cos? 45° (i) sin 60° = 2 sin 30° cos 30°.
3. Prove that : (i) 4 (sin* 30° + cos * 60°)
(i) sin 60° cos 30° + cos 60°. sin 30° = 1 — 3 (cos? 45° — sin? 90°) = 2

(ii) cos 30°. cos 60° — sin 30°. sin 60° =0 | 7. () If sin x = cos x and x is acute, state the
(iii) cosec? 45° — cot? 45° = 1 (i) :falﬂe Oix- A and 0° € A < 90
. 2 300 _ cin? 30° = o ii) If sec A = cosec A and 0° i
(iv) cos 30° — sin* 30° = cos 60 state the value of A.

tan 60°+1) 1+ cos 30° (iii) If tan © = cot © and 0° < O < 90°, state

el ™ 1 — cos 30° the value of 6. |

; o o i (iv) If sin x = cos y; write the relation

(vi) 3 cosec? 60°- 2 cot? 30° + sec? 45° = 0. Bietovien; £ i, £ o the: angles: a6
4. Prove that : y are acute.

2tan30° 8. (i) If sin x = cos y, then x + y = 45° write

® sin @300 = | a3 true or false.




(ii) sec 6. cot 8 = cosec 0; write true or false.
(iii) For any angle 0, state the value of :
sin? © + cos? 6.

9. State for any acute angle 6 whether : .
(i) sin O increases or decreases as 0 increases.
(ii) cos 0 increases or decreases as 0 increases.
(iii) tan O increases or decreases as 0 decreases.

10. If Y3 = 1.732, find (correct to two decimal
places) the value of each of the following :

Ll

tan 30°

(i) sin 60° (ii)
11. Evaluate :

cos 3A — 2cos 4A
sin 3A +2sin 4A
.. 3sin3B+2cos 2B +59)
() 3 cos 3B —simn @B-10°) °

when B = 20°.

@ when A = 15°.

Solution :

L.H‘S. = Sin (600 - 300)
" D_l
=sm30--2

.RthSo = Sill 600 COS 30° - COS 60° Sin 300
3 48 1 1.3
= o T T T o
2 2 2 2 4

. LHS. = RHS.

[L.H.S. = Left hand side]

LHS.= cos3A
; = cos (3 x 30°) = cos 90° = 0
R.H.S. = 4 cos? A — 3 cos 30°
= 4 cos® 30° — 3 cos 30°
3
=4|—1|-=-3 |
2 2
L ag 348 548 o
8 2
. LH.S. = RH.S.

Hence Proved.

[R.H.S. = Right hand side]




1. Given A = 60° and B = 30°, prove that :

(i) sin (A+B)=sinAcos B +cos AsinB

(ii) cos (A + B) = cos A cos B —sin A sin B

(iii) cos (A — B) =cos A cos B + sin A sin B
tan A —tan B
1+tanA.tanB

2. If A = 30°, then prove that :

(iv) tan (A - B) =

(i) sin 2A =2 sin Acos A = %:1-;2%
(ii) cos 2A = cos? A - sin? A
1-tan? A

T 1+tan2A
(iii) 2 cos> A—1=1-2 sin* A
(iv) sin 3A = 3 sin A - 4 sin® A

3. If A=B = 45° show that :

(i) sin (A — B) = sin A cos B — cos A sin B

(ii) cos (A + B) =cos A cos B — sin A sin B
4, If A = 30°; show that :

(i) sin 3 A
= 4 sin A sin (60° — A) sin (60° + A)

(ii) (sin A—cos A)?=1-sin2 A
(iii) cos 2A = cos* A — sin® A

.. l-cos2A
W Tmaa =W
1+sin2A+cos2 A 5 i
™ snA¥cosA oo
(vi) 4 cos A cos (60° — A)-cos (60° + A)
= cos 3A
. cos’A—cos 3A  sin’A+sin 3A
(vii) > =
cos A sin A

[235] sOLVING A TRIGONOMETRIC EQUATION
To solve a trigonometric equation means, to find the value of the unknown angle that

satisfies the given equation.

Solution :
(i) sin 2A =1 = sin 2A = sin 90°
o.» 2A=%°andA=45°

() 2¢os3A=1 = cosIA =1

[Since, sin 90° = 1]
Ans.

1
[Since, cos 60° = E]

2
= cos 3A = cos 60°
3A = 60° and A = 20° . Ans.
(iii) (sec A-2) (tan 3A-1)=0
= secA-2=0 or tan3A-1=0
=y secA = 2 and tan 3A = 1 = tan 45°
= sec A = sec 60° and 3A = 45°
A = 60° and A= 15° Ans.

4 1 §F r




Solution :

(i)tanx”=%=%=ﬁ Ans.
(ii) Since, tan x° = 3

and tan 60° = 43 .. x° =60° Ans.
(iﬁ)msx°=00860°#% Ans.
(iv) sin x° = sin 60° [Since, x° = 60°]

= %:, -‘2—5 [since,smx°=%=?3andsin60"=—?]

= y=2 I ' Ans.

Solution :
() 4sin? x°~3=0 5 sin?x" = >
=>sinx°=—{z—§— . Ans.
o s AlS
(ii) sinx°=-‘fzi=b sin x° = sin 60° [sm(io 5
= x = 60° Ans.




Solution :
(i) 4 sin A sin 2A + 1 - 2 sin 2A = 2 sin A
= 4sinAsin2A-2sin2A-2sinA+1=0
= 2sin2AQ2sinA-1)-12sinA-1)=0
= (2sinA-1)(2sin2A-1)=0
= 2sinA-1=0 or 2sin2A-1=0

2sinA-1=0 = sinA:% 2s5in2A-1=0 =>sin2A=%
=» sin A = sin 30° = sin 2A = sin 30°
= A= 3P = 2A = 30°
= A = 15°
.. Angle A = 30° or 15° Ans.
() 2siPA-3sinA+1=0
= 2sinPA-2sinA-sinA+1=0
= 2sinAGinA-1)-(GinA-1)=0
= (inA-1)@2sinA-1)=0
= sinA-1=0 or2sinA-1=0
sinA-1=0 = sinA =1 " 2sinA-1=0 = sinA:%
= sin A = sin 90° = sin A = sin 30°
=> A = 90° —" A = 30°
- Angle A = 90° or 30° Ans.
Gi) 3cot?x-5)=1 = cotz(x—S"):%
1
= coh(x—-S"):—E:cottSO"
=5 x—-5=60° ie x=065° Ans.
2
(iv) sin?® 2x + sin? 60° = 1 =>sin22x+{‘—/2_§-} =1
bl 4 a2 sl
= sin 2x = 1 Tl
= sin 2¢ = 3 = sin 30°

= 2x = 30° ie. x=15° Ans.

Solution :
sin(A+B)=% = sin (A +B) = sin60° = A+ B =60°
: ey 1/5 = o s o
oos(A-B)-—E- = cos (A-B) =cos30° = A-B =30

On solving equations I and II, we get A = 45° and B = 15°

=T 1 I L




Solution :

tan (A + B) = /3 = tan 60° == A+B = 60°
_ 1
J3tan (A-B) = 1 = tan(A-B)= 75 =tan30°
= A-B = 30°
On solving equation A + B = 60° and A - B = 30°

We get A = 45° and B = 15° Ans.

Solution :

3
J3tan20=3 ie. tan29=7—§-=J§=tan60°
= 20 =60° and 0 = 30°

s 3,3 cos @+ 2sin O - 6 tan? O

]

33 cos 30° + 2 sin 30° - 6 tan® 30°

$eaxi-ox(3)
3J§x?+2x2-6x B

Ans.

n
I
-+
o=
I
Il
|
Il
(]

Solution :

1 _
@) sin? 8~ ~sin 6 = 0

1
= sin@(sin®--)=0

1 1
= sin® =0 or sin3—5=0 Le. sin9=5
= sin ® = sin 0° or  sin © = sin 30°
=5 0 =0° or 0 = 30° Ans




- 1
(ii) 2sin29—2cnsﬁ=5
=5 4sin0—-4cos 0 =1
= 41 -cos?8)-4cosB =1

= 4-4cos’0-4cosB =1

ie. 4cos20+4cos0-3=0

= 4cos?0+6cos@—-2cos8-3=0

ie. 2cos0(2cosB+3)-12cosB+3)=0

= (2cos0+3)(2cos0-1) =0

ie 2cos0+3 =0 or 2cos9-1=0

; 3 1 "
ie. cos0=—2 or cos O = 2-00360

3
Butcosﬁ:—i is not possible for 0° < 8 < 90°
Ans.

0 = 60°

(iii) tan? @ + 3 = 3 sec @

sec2@—-1+3=3secH
sec?@-3sec@+2=0
sec20—2sec@-secO+2=0
sec O (sec 8 —2) — 1(sec 8 -2)=0
(sec®—2)(sec®-1)=0
sec0-2=0

sec =2 or

l

or secB-1=0
sec0=1

B | T A I

sec 6 = sec 0°
[As O lies between 0° and 90°]

sec O = sec 60° or
0 = 60°

[N

1. Solve the following equations for A, if :

2. Calculate the value of A, if :

(i) 2sinA=1
ik % 3
(iii) sin 3 A = T

™) V3 tanA=1

(vii) 2sin3A=1

(i) 2cos 2A =1
(iv) sec2 A=2

(vijtan3 A=1

(viii) V3 cot2A=1

A (sinA-1)(2cosA-1)=0
(ii) (tan A — 1) (cosec 3A-1) =0
(iii) (sec 2A — 1) (cosec 3A - 1) =0
(iv) cos 3A. 2sin2A-1)=0
(v) (cosec 2A —2) (cot 3A-1)=0
3. If 2 sin x° — 1 = 0 and x° is an acute angle; find:
(i) sin x° (ii) x° (iii) cos x° and tan x°.




4. If 4 cos?x°-1=0and 0 < x° <£90° find:
@) x° " (i) sin? x° + cos? x°

T N
iii - X
g cos? x°

5. If 4 sin?@ — 1 = 0 and angle O is less than
90°, find the value of 6 and hence the value
of cos? 0 + tan? 0.

6. If sin 3A =1 and 0 <A < 90° find :
(i) sin A (ii) cos 2 A

1
cos” A

(iii) tanZ A —

7. If 2 cos 2A = /3 and A is acute, find :
i) A (i) sin 3A
(iii) sin? (75° — A) + cos? (45° + A)
8 (i) If sin x + cos y = 1 and x = 30° find
the value of y.
(ii) If 3 tan A~ S cos B = /3 and B = 90°,
~ find the value of A.
9. From the given figure, find :
(i) cos x° (i) x°
> e
(iii) tan2x°  sin2x°
(iv) Use tan x°, to find
the value of y.

10 cm

10. Use the given figure to find :
(i) tan 8° (i) ©°  (iii) sin26° — cos20°
(iv) Use sin 0° to find the Iva.luc of x.
C

>

11. Find the magnitude of angle A, if :
(i) 2sinAcos A—cosA-2sinA+1=0
(ii) tan A~2 cos Atan A+2cos A-1=0
(iii) 2 cos2A—-3cosA+1=0
(iv) 2 tan 3A cos 3A —tan 3A + 1 =2 cos 3A

12. Solve for x :

(i) 2cos3x-1=0 (ii) cos%—lzo

1
(iii) sin (x + 10°) = E (iv) cos(2x-30°)=0

(v) 2cos (3x—15° = 1(vi) tan? (x-5°)=3
(vii) 3 tan? (2x-20°) =1
3

X el (I
(viii) cos (2 +10J s

(ix) sin?x+ sin?30°= 1
(X) cos?30° +cos?x=1
(xi) cos? 30° + sin? 2x = 1
(xii) sinZ 60° + cos2 (3x-9°) =1

13. If 4 cos? x = 3 and x is an acute angle; find
the value of :

@ x (ii) cos? x + cot? x
(iii) cos 3x (iv) sin 2x
14. In A ABC, £B = 90°, AB = y units, BC = /3
units, AC = 2 units and angle A = x°, find :
(i) sin x° (i) x° (iii) tan x°
(iv) use cos x° to find the value of y.

15. If 2 cos (A + B) = 2 sin (A - B) = 1; find
the values of A and B.
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