Isosceles Triangles

10.1| INTRODUCTION

1. A triangle, with atleast two sides equal to each other, is called an isosceles triangle.
2. If all the sides of a triangle are equal to each other, it is called an equilateral triangle.

3. An equilateral triangle satisfies all the properties of an isosceles triangle, whereas it is not
necessary for an isosceles triangle to satisfy all the properties of an equilateral triangle.

Theorem 1
If two sides of a triangle are equal, the angles opposite to them are also equal.
Given : A triangle ABC in which AB = AC. A

To Prove : £B = £C.
Construction : Draw AD perpendicular to BC.

Proof :
Statement : Reason :
In triangles ABD and ACD :
1. AB = AC Given B D o
2. . AD = AD Common
3 ZADB = ZADC Each 90°, since AD 1L BC
. AABD = AACD R.H.S.
= LB = Z4LC Corresponding parts of congruent triangles
are congruent.
Hence Proved.
Theorem 2 ‘
If two angles of a triangle are equal, the sides opposite to them are also equal. '
Given : A triangle ABC in which ZB = £C. A
To Prove : AB = AC.
Construction : Draw AD perpendicular to BC.
Proof :
Statement : Reason :
In triangles ABD and ACD :
1. £B = £C Given B i c
2. ZADB = ZADC =90° AD 1 BC
3. AD = AD Common
~ AABD = AACD A.AS.
=5 AB = AC Corresponding parts of congruent triangles
are congruent.

Hence Proved.




rrove ine jotiowing .

1. The bisector of the angle at the vertex of an isosceles triangle bisects the base at right
angles.

2. If equal sides of an isosceles triangle are produced, the exterior angles so formed are
equal.

3. The perpendicular bisector of the base of an isosceles triangle passes through the vertex of
the triangle.

4. The line, joining the mid-point of the base of an isosceles triangle and the opposite vertex,
is perpendicular to the base and bisects the angle at the vertex.

o Use the information given mfbll&uﬁng ﬁgurés to find the values of g, b and ¢ :

[AB i parallel 0. CD} _ [AC bisects angle A]

Solution :
(i) Since, AB is parallel to CD and AD is transversal

a = 36° [Alternate angles] Ans.
In ACDE,
Ext. ZCEA = the sum of two interior opposite angles
= 32° + 36° = 68°
Now, in ACEA, CE = CA
= b = ZCEA = 68° Ans.
In AACE, b + ¢ + ZCEA = 180°
= 68° + ¢ + 68° = 180°
= ¢ = 180° - 136° = 44° Ans.
(ii) In AABC, AB = AC = ZACB = ZABC = 80°
And, a + ZACB + ZABC = 180°
= a + 80° + 80° = 180° = g = 20° ' Ans.
AC bisects angle A; b = a = 20° Ans.
In AADC, AD = DC
= ZACD =b = 20°
And, b + ¢ + ZACD = 180°
= 20° + ¢ + 20° = 180°
= c = 140° Ans.




Solution :

Let ZADB = x
In AACD, AC = CD
== ZCAD = ZCDA =x
and, ext. ZACB = ZCAD + ZCDA
=x+x=2x
In AABC, AB = BC
= £ZBAC = ZACB = 2x.
: ZBAD = ZBAC + ZCAD
= 2x +x = 3x
3x
And N o
ie. ZBAD : AADB 32l
Hence Proved.
ow that 'ti'iangles
 Also, ﬁndthevm nﬁzﬂylfAB 2% + 3,
AC = 3y+lBD—". nd DC =y + 1. Gg :
sl : B D c
Solution :
AD is perpendicular to EF
= ZEAD = ZFAD = 90°
Given : ZEAB = £FAC
=5 ZEAD - ZEAB = /ZFAD - ZFAC
-y £ZBAD = ZCAD
In A ABD and A ACD, ZBAD = ZCAD [Proved above]
ZADB = ZADC = 90° [Given AD L BC]
and AD = AD
A ABD = A ACD [By ASA]
Hence Proved.
A ABD = A ACD = AB = AC and BD = CD [By CPC.T.C]
= 2x+3 =3y+1 and x=y+1
= 2x -3y =-2 and x—-y =1 _
On solving, we get : x=25 and y=4 Ans.
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Solution :

In A ABE and A ACD,
AB =
. AB _
2
= AD =
and, LA =
A ABE =
=% BE =

Alternative method :
In A BCD and A CBE,

BD =
But AB =
= - BD =

-
= ZABC =
e, ZDBC =

BC =
(1), (i) and (iii)
=5 A BCD =
= BE =

A A
AC [Given] 32 ogn
AC
i E
5 D

AE

; C
ZA [Common]
A ACD [By S.AS.]
CD [By C.P.C.T.C]

Hence proved.
1 1 2
5AB and CE = ~ AC a8 /{\
AC [Given]
's: . G) B o
- E

AC 3 -
ZACB /\}2\
ZECB .(il) 2 # 2
BC [Common)] ...(iii)
A CBE [By S.A.S.]
CD [By C.P.C.T.C.] Hence Proved.

Solution :
In A ABC,
AB = AC = ZABC = ZACB = 70°

[Angles opposite to equal sides]




Also, £ZBAC + ZABC + ZACB = 180°
a + 70° + 70° = 180°

= a = 40°
ZACB + b = 180° [+ BCE is a straight line]
=> 70° + b=180° and b = 180° — 70° = 110°
In A ABD,
70° =48° + ¢ [Ext. angle of a A = sum of int. opp. £s]
= c=70° - 48° = 22°
In A ACE,
b+ d=130° [Ext. angle of a A = sum of int. opp. £s]
= 110° + d = 130° and d = 20°

a=40° b=110° ¢ =22° and d=20° Ans.

1. In the figure alongside,
AB = AC
ZA = 48° and
ZACD = 18°. + :
Show that : BC = CD. 5. In the figure, given below, AB = AC.
Pro : = ZACD.
2. Calculate : e fBOC o
(i) £ZADC
(ii) ZABC
(iii)) £BAC 130° "
D Cc
3. In the following figure, AB = AC; BC = CD A )
and DE is parallel to BC. Calculate : B ‘ D
() <CDE F 6. In the figure given below, LM = LN; angle
(i) £DCE 128°O\A PLN = 110°. Calculate :
(i) £ZLMN
o W (i) ZMLN !
P > s
B C
4. Calculate x : a A
@ M N
7. An isosceles triangle ABC has AC = BC. CD
bisects AB at D and ZCAB = 55°.
Find : (i) £DCB (ii) £CBD.




8. Find x : 12. In the figure of Q. no. 11, given above, if AC

= = AD = CD = BD; find angle ABC.
13. In triangle ABC; AB = AC and ZA : ZB
) 42° = 8 : 5; find angle A.
. 14. In triangle ABC; ZA = 60°, ZC = 40° and
2. gl thc‘ triangle ABC, B bisector of angle ABC meets side AC at point
D Plsects angle B P. Show that BP = CP.
and is perpendicular
to AC. If the lengths - g 15. In triangle ABC; angle ABC = 90° and P is
of the sides of the o; » a point on AC such that ZPBC = ZPCB.
triangle are expressed Show that : PA = PB.
i trengiof xomnd y a8 _ c | 16. ABC is an equilateral triangle. Its side BC is
shown, find the values x+1 D y+2 produced upto point E such that C is mid-
of x and y. point of BE. Calculate the measure of angles
10. In the given figure ; AE // BD, AC // ED and ACE and AEC.

AB=AG. Tl o, LDl 20, 17. In triangle ABC, D is a point in AB such that

AAb A\E AC = CD = DB. If /B = 28°, find the angle
ACD.

18. In the given figure, AD = AB = AC, BD is
parallel to CA and angle ACB = 65°. Find
angle DAC.

c D Xsg°
A A
D

11. In the following figure; AC = CD, AD = BD
and £C=58.

58°
c — H B

Find angle CAB.

e In the given figure, AB = AC, BO bisects angle
ABC and CO bmects angle ACB preWe that AO
“bisects angle BAC : s

Solution :
Since, BO bisects angle ABC
= ZOBC = ZOBA = %AABC agel
Since, CO bisects angle ACB
= Z0OCB = ZOCA = %AACB wivioll

AB =AC = ZABC = ZACB .III [Angles opp. to equal sides are equal]




Combining I, II and III, we get :
Z0OBC = ZOBA = ZOCB = ZOCA

In A BOC,
ZOBC = ZOCB
= OB = 0OC
ZOBA = ZOCA

and, AB = AC

= A AOB = A AOC

= ZOAB = ZOAC

= AO bisects angle BAC

[From equation IV]

[Sides opp. to equal angles are equal]
[From eq. (IV)]

[Given]

[By S.A.S.]

[By CPC.T.C]

Hence Proved

Solution :
Since, BP bisects angle B
ZDBP = /PBC
DE is parallel to BC and BP is transversal,
& £DPB = /PBC
= £4DBP = /DPB
= DP = BD

..... I [Alternate angles]
[From I and II]

In the same way, ZPCB = ZPCE and £ZEPC = ZPCB
=h Z£PCE = /EPC and so PE = CE
Adding III and IV, we get :
DP + PE = BD + CE = DE = BD + CE.
Hence Proved.

Solution :

According to the given statement, the figure will be

as shown alongside :
(i) Join AD which meets BC at point P.

To Prove : DA bisects BC at right angles
i.e, BP = CP and ZAPB = 90°

Proof : In AABD and AACD
AB = AC and DB = DC

=1 1 I L

[Given]




& AABD = AACD [By S.S.S.]
= ZBAD = ZCAD [C.P.C.T.C]
ie. ZBAP = ZCAP
Now, in AABP and AACP

AB = AC and AP = AP [Common]

and, ZBAP = ZCAP [Proved above]

- AABP = AACP [By S.A.S.]
= BP = CP and ZAPB = ZAPC [CPC.T.C]
Since, ZAPB = ZAPC and ZAPB + ZAPC = 180°
=5 ZAPB = ZAPC = %‘l‘i = 90°

BP = CP and ZAPB = 90°

= DA bisects BC at right angles.
Hence Proved.

(ii) AABD = AACD
=5 ZABD = ZACD [CPC.T.C]
Hence Proved.
e In the figure, given alongside, AB = AC and AD : 5
bisects exterior angle CAE. o
Prove that : AD is parallel to BC.
i B c
Solution :
In AABC, AB = AC
=5 ZABC = ZACB
and, ext. ZCAE = ZABC + ZACB
= ZABC + ZABC
= 2ZABC ok
AD bisects LCAE,
ZEAD = LCAD = % ZLCAE
ie. ZCAE = 2/EAD N |
From I and II, we get :
2/ZABC = 2/ZEAD
. =5 ZABC = ZEAD

But these are corresponding angles and whenever the correspording angles are equal,
the lines are parallel.

AD is parallel to BC.
Hence Proved.
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) In triangle ABC, AB = AC and D is a point
on BC produced, DE is perpendicular to BA
produced and DF is perpendicular to AC

produced.
Prove that : BD bisects angle EDF.
Solution :
In AABC, AB = AC X
= ZABC = ZACB [Why ?]
Also, ZACB = ZDCF [Why 7] . "
& ZABC = ZDCF I c
Now, in ABDE and ACDF, y
ZABC = ZDCF From I
and, £E = £F = 90°
= ZEDB = /ZFDC
BD bisects angle EDF.
Hence Proved.
EXERCISE 10(B)

1. If the equal sides of an isosceles triangle are
produced, prove that the exterior angles so
formed are obtuse and equal.

2. In the given figure, AB = AC. Prove that:
(i) DP = DQ
(i) AP = AQ
(iii) AD bisects angle A

3. In triangle ABC, AB = AC; BE 1 AC and
CF L AB. Prove that : A
(i) BE = CF
(ii) AF = AE
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4. In isosceles triangle ABC, AB = AC. The side
BA is produced to D such that BA=AD.
Prove that : ZBCD = 90°.

. (i) In a triangle ABC, AB = AC and
ZA = 36°. If the internal bisector of
ZC meets AB at point D, prove that
AD = BC.
(ii) If the bisector of an angle of a triangle
bisects the opposite side, prove that the
triangle is isosceles.

6. Prove that the bisectors of the base angles of
an isosceles triangles are equal.
7. In the given figure, D E
AB = AC and ZDBC
= ZECB = 90°. A
Prove that :
(i) BD = CE
(ii)) AD = AE
B c

. ABC and DBC are two isosceles triangles on
the same side of BC. Prove that :
(i) DA (or AD) produced bisects BC at right
angle.
(ii)) ZBDA = ZCDA.

. The bisectors of the equal angles B and C of




10.

11.

12

13.

14.

15.

16.

17.

18.

an isosceles triangle ABC meet at O. Prove
that AO bisects angle A.

Prove that the medians corresponding to equal
sides of an isosceles triangle are equal.

Use the given figure to A
prove that, AB = AC.

B P o) c

In the given figure; AE bisects exterior angle
CAD and AE is parallel to BC.

Prove that : AB = AC.

B > C

In an equilateral triangle ABC; points P, Q
and R are taken on the sides AB, BC and CA
respectively such that AP = BQ = CR. Prove
that triangle PQR is equilateral.

In triangle ABC, altitudes BE and CF are
equal. Prove that the triangle is isosceles.

Through any point in the bisector of an angle,
a straight line is drawn parallel to either arm
of the angle. Prove that the triangle so formed
is isosceles.

In triangle ABC; AB = AC. P, Q and R are
mid-points of sides AB, AC and BC
respectively. Prove that :

(i) PR =QR (ii) BQ = CP
From the following figure, prove that :

(i) ZACD = ZCBE

(ii) AD = CE A

Equal sides AB and AC of an isosceles
triangle ABC are produced. The bisectors of
the exterior angles so formed meet at D.
Prove that AD bisects angle A.

19,

20.

21.

22.

ABC is a triangle. The bisector of the angle
BCA meets AB in X. A point Y lies on CX
such that AX = AY.
Prove that : ZCAY = ZABC.
In the following figure; IA and IB are
bisectors of angles CAB and CBA
respectively. CP is parallel to IA and CQ is
parallel to IB.

C

P A B Q
Prove that :
PQ = The perimeter of the A ABC.
Sides AB and AC of a triangle ABC are
equal. BC is produced through C upto point
D such that AC = CD. D and A are joined

and produced (through vertex A) upto point E.
If angle BAE = 108°; find angle ADB.

The given figure shows an equilateral triangle
ABC with each side 15 cm. Also DE//BC,
DF//AC and EG//AB.

If DE + DF + EG = 20 cm, find FG
A

B F G c

Each of triangles ADE, BDF and EGC is an
. DE+DF=AD + DB =AB = 15 cm
DE+DF+EG=20cmie. AB + EG=20cm
= EG=5cm=GC =BF

Now, FG = BC - BF - GC

23;

24.

25.

If all the three altitudes of a triangle are
equal, the triangle is equilateral. Prove it.

In a A ABC, the internal bisector of angle A
meets opposite side BC at point D. Through
vertex C, line CE is drawn parallel to DA
which meets BA produced at point E. Show
that A ACE is isosceles.

In triangle ABC, bisector of angle BAC meets
opposite side BC at point D. If BD = CD,
prove that A ABC is isosceles.




26. In A ABC, D is a point on BC such that
AB = AD = BD = DC. Show that :
ZADC: ZC=4:1. . (i)

27. Using the information, given in each of
the following figures, find the values of a
and b.
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