Cross Product of vectors

Q.1.Givena—»=i-2j+k,b>=2i+j+kandc>=i+2j-k.Find:a— x ( b— X
c—) .

Solution: 1
ax(bxc)=((-2j+k)xQ2i+j+k)x(i+2j-k)
= (a.c)b - (a.b)c
=1-4-1D)Qi+j+k)-(2-2+1)(i+2j-k)

= -8i-4j-4k-i-2j+k

=-9i-6j-3k.

Q.2. Find a unit vector perpendicular to the vectors 4i + 3j + k and 2i - j + 2k.
Determine the sine angle between these two vectors.

Solution : 2

Unit vector perpendicular to a— and b— is given by :
[a—Xxb—]/|a—xb— |

Therefore, unit vector perpendicularto 4i + 3j + kand 2i - j + k is
= [(4i + 3j + k) x (2i —j + 2K)1/| (4 + 3j + k) x(2i =] + 2k) |

= [7i - 6j - 10k]/V(47 + 36 + 100)

= (7/V185)I - (6/V/185)j - 10/V185k.

Q.3. The vectors - 2i + 4j + 4k and - 4i — 2k represent the diagonals BD and AC of a
parallelogram ABCD. Find the area of the parallelogram.

Solution : 3



Area of parallelogram = 1/2 |BD—XAC—|= 1/2 | (- 2i + 4j + 4k)x(- 4i - 2K) |
| i3k]

=1/2 |-2 4 4|

|-40-2]|

=1/2 |i(-8)-j(4+ 16) + k(16) |

= 1/2 |- 8i - 20j + 16K|

= 1/2 V(82 + 202 + 162)

= 1/2 V(720) = 1/2x12V5 = 6V5 .

Q.4. Find the unit vector perpendicular to the two vectors : i—» + j—>- k— and 2i— + 3j—
+ k—.

Solution : 4

Let a— = i— + j— - k— and b— = 2i— + 3j— + k—

Unit vector perpendicular to a— and b— = [a— x b—]/|a— x b— |

[ a— X b = i(2 + 3) = j—=(1 + 2) + k—(3 - 4) = 5i— - 3j— - ko
and |a— xb—|= |5i— - 3j— - k—|= V(25 + 9 + 1) = V(35)]
Therefore, unit vector perpendicular to a— and b—

= [5i— - 3j— - k— 1/V(35).

Q.5. Find the area of the parallelogram ABCD whose diagonals AC and BD are
represented by the vectors 3i + j — 2k and i — 3j — 4k respectively.

Solution : 5
We are given , AC— = 3i + j - 2k and BD— =i - 3j - 4k.
Area of parallelogram = 1/2 | AC—xBD— |

AC -»xBD— = (3i + j - 2k)x(i - 3j - 4k)



=i(4-6)-j(12+2) + k (-9 -1)
= - 2i - 14j - 10k
| AC>xBD— | = V(4 + 196 + 100) = V(300) = 10V3

Area of parallelogram = 1/2 |AC—»xBD—|= 1/2 x10V3 = 5V3.

Q.6. Find the area of a parallelogram whose diagonals are determined by the vectors :
a— = 3i+j-2kand b— =i- 3j + 4k.

Solution : 6

Area = 1/2| d1 x d2|

ik |

=1/2131-2|

| 1-34|

=1/2 |{i(4-6)-j(12+2)+k(-9-1)]
= 1/2 |(- 2i - 14j - 10k)]|

=1/2 V(4 + 196 + 100)

= 1/2 V/(300) = 5V3 sq. units.

Q.7. If a—, b— and c— represents the position vectors of the points with co-ordinates (2,
-10, 2), (3,1, 2) and (2, 1, 3) respectively, find the value of a— x (b— x c—).

Solution : 7
a—Xx(b— x c—) = (2i - 10j + 2k) x {(3i +j + 2k) x (2i +j + 3k)}

= (2i = 10j + 2k) x (i- 5j +k) = 0.

Q.8. Using vectors, show that the medians of a triangle meet at a point.



Solution : 8

Fig

Let D, E and F be mid-points of sides BC, CA and AB of A ABC and O the point of
intersection of medians AD and BE. Let position vectors of A, B and C be a—, b— and c—
respectively.

OD— = OB— - DB—

= OB— - 1/2CB—

OB— - 1/2(0B— - 0C—)

1/2(0OB— + OC—)

= 1/2(b— + c—)

Similarly, OE— = 1/2(a— + ¢—)

and OF— = 1/2(a— + b—)

OA— and OD— being in opposite direction,

OA— x OD— =0

Or,a—» x 1/2(b— +c—>) =0

Or, 1/2[a— x (b—> + ¢c—>)] = 0 ~====---mmmmmmmmmm (1)
Similarly, 1/2[b— x (a— + ¢—>)] = 0 ==========mmmmmmmmm (2)
Adding (1) and (2), we get

1/2[a— x (b— + ¢c—)] + 1/2[b— x (a— +c—>)] =0

Or, 1/2[a—» Xxb—>+a—> xXCc>+b>XxXxa>+b>xc>]=0
Or,a>xXxc>+b>xc>=0[a»Xb—>=-b> Xxa->]
Or, (a— +b>)xc—>=0

Or, 1/2(a—» + b—>) xc—> =0

Or,OC—» xOF—- =0



Thus we see that OC— and OF— are in opposite in direction i.e., median CF also passes
through the point ‘O’ which is the intersection point of median AD and BE.
Therefore, medians of a triangle meet at a point.

Q.9. Giventhata— =i-2j+ k, b> =2i+j+ kand c— =i+ 2j - k. Find the vector a—
X (b—> XC—)),

Solution : 9

We have, b—» x ¢c— = (2i+j + k) x (i + 2j - k)

lijkl

=211

|12-1]

=i [(1)(=1)-(1)(2)] -3 [(2)(- 1) - (1)(1)] + [(2)(2) - (1)(1)]
= -3i+3j+3k

Therefore, a— x (b—xc—) = (i - 2j + k) x (- 3i + 3j + 3k)

| ijk|

=11-21]

| -333|

=il (=2)(3) - (1)(3)] =T [(1)(3) - (1)(=3)] +k [(1)(3) - (-2)(=3)]
=i (-9)-j(6) + k(=3)

=-9i-6j-3k

Q.10. If D, E, F are the mid-points of the sides BC, CA, AB respectively of a triangle ABC.
Show that the area of triangle DEF = 1/4[area of A ABC].

Solution : 10



Fig

Let A be the origin and AB and AC represents b— and c—.
Then, DE— = - (1/2)b— ; DF—» = - (1/2)c— .

Vector area of ADEF = 1/2DE— X DF—

=1/2[ - 1/2b— x - 1/2¢c—]

= 1/8(b— xc—)

= 1/4(1/2 b—>xc—)

= 1/4[1/2 AB—XxAC—]

= 1/4 [Vector area of AABC]

Q.11. Show that : i x(a—xi) + jx(a—x]j) + kx(a—xk) = 2a— where, a— = ali + a2j +
a3k.

Solution : 11

We have, ix(a—xi) + jx(a—Xj) + kx(a—xk)

= [(i.Da— - (i.a-)i] + [(G.J)a— - (J.a—)j] + [(k.k)a— - (k.a—)k]
= a— - (i.a>)i + a— - (j.a—>)j + a— - (k.a—>)k

=3a— - [(i.a»)i + (j.a—)j + (k.a—)K]

= 3a— - [(ali) + (a2j) + (a3k)]

= 3a— - a—

= 2a—.



