Integration by Substitution

Q.1. Solve : [1/[x cos? (1 + log x)] dx.

Solution: 1

We have [1/[x cos 2(1 + log x)] dx ,
Putl +logx =t

Then 1/x dx = dt

Therefore, [(1/x){1/(1 + log x)}dx
= [ dt/cos?t = [sec?t dt

=tant+c

=tan (1 +logx) + c.

Q.2. Evaluate : [x2(e”~x3)cos(2e”~x3)dx.

Solution : 2

We have [x2(e~x3)cos(2e~x3)dx ,

Put 2e~x3 = t then 2e~x3 x 3x2 = dt/dx
Or, dx = dt/[2e~x3x3x2]

Then I = [ x2(e~x3)cos(t)[dt/(2e~x3x3x2)]

= 1/6Jcostdt = 1/6sint+ c = 1/6 sin(2e”~x3) + c.

Q.3. Evaluate : [ cos x/[sin x + V/(sin x)] dx .



Solution : 3

I = [ cos x/[sin x + V(sin x)] dx , put sin x = t2, cos x dx = 2tdx .
Therefore , I = 2 [ tdt/(t2 + t) = 2 [tdx/[t(t + 1)]

=2fdt/(t+ 1) =2log|t+ 1| +¢C

=2log |V(sinx) + 1|+ c.

Q.4. Integrate : [(1 + tan2x)/[V(1 - tan2x)]dx .

Solution : 4

Let I = [(1 + tan2x)/[V(1 - tan?x)]dx

Putting tan x = t, then sec?xdx = dt => (1 + tan2x)dx = dt
Therefore , I = [dt/V(1 - t2)

=sin-1t

= sin -1 (tan x) + c.

Q.5. Evaluate : [[x%/V(x + 1)]dx.

Solution : 5

Let I = [[x2/V(x + 1)] dx and put x = 1 = t2 => dx = 2tdt
Therefore, I = [[{(t2 - 1)2}/t].2tdt

= 2(t% - 2t2 + 1).dt

= 2[t5/5 - 2xt3/3 + t] + ¢



= 2t[(1/5) t* - (2/3)t2 + 1] + ¢

= 2V(x + D[(1/5)(x + 1)2 - (2/3)(x + 1) + 1] + c.

Q.6. Evaluate : [V(1 + sin 1/2 x) dx

Solution : 6

Let I = [V(1 + sin 1/2 x)dx and put x = 2t => dx = 2dt
Therefore, I = [V(1 + sin t). 2dt

= 2fV(sin2 t/2 + cos? t/2 + 2 sin t/2.cos t/2)dt

= 2[V{(sin t/2 + cos t/2)2}dt

= 2[(sin t/2 + cos t/2).dt

=2[-2cost/2+ 2sint/2] +cC

= 4[sin x/4 - cos x/4] + c.

Q.7. Evaluate : [[{sin?(log x)}/x]dx .

Solution : 7

Let I = [[{sin%(log x)}/x].dx and put log x = t => (1/x)dx = dt
Therefore, I = [sin2 t.dt = 1/2 [(1 - cos 2t).dt

=1/2 [t-(1/2)sin 2t] + ¢

= 1/2 [log x = (1/2) sin (2 log x)] + c.

Q.8. Evaluate : [[x%/{(a + bx)2}].dx .



Solution : 8

Let I = [[x2/{(a + bx)2}].dx and put a + bx = t => bdx = dt => dx = dt/b
Therefore, I = 1/b2[[{(bx)2}/{(a + bx)2].dx

= 1/b2[[{(t - a)2}/{t3}.(dt/b)]

= 1/b3[[(t2 - 2at + a2)/(t2)].dt

= 1/b3[[1 - (2a/t) + a2t-2].dt

= 1/b3[t - 2alog t - a2/t] +

= 1/b3[(a + bx) - 2a log| (a + bx) |- a%/(a + bx)] + c.

Q.9. Evaluate : [V/(2 + sin 3x).cos 3x .dx.

Solution : 9

Let I = [V/(2 + sin 3x).cos 3x .dx and put 2 + sin 3x = t => (1/3)cos 3x dx = dt
Therefore, I = [V/(t).dt/3 = (1/3) [Vt .dt

= (1/3)(2/3)(t)¥/2 + ¢

= (2/9)(2 + sin 3x)3/2 + c.

Q.10. Evaluate : [[x1/2/(x1/2 - x1/3)].dx.

Solution : 10

Let I = [[x1/2/(x1/2 - x1/3)].dx and put x = t& => dx = 6t3dt

[LCM of 2 &3 is 6]



Therefore, I = [[t3/(t3 - t2)].6t3dt

=6 [[t8/t2(t - 1)]dt = 6J[t8/(t - 1)]dt

=6f[t+t*+t3+t2+t+ 1+ 1/(t- 1)]dt [dividing t® by t - 1]

= 6[(1/6)t® + (1/5)t° + (1/4)t* + (1/3)t3 + (1/2)t2 + t + log|t - 1|]+ c

= 6[(1/6)x + (1/5)x>/6 + (1/4)x¥® + (1/3)x3/6 + (1/2)x%/® + x1/6+ Jog|x1/6 -
1|1+c

Q.11. Evaluate : [[(10x°® + 10% loge10)/(10% + x10)]dx.

Solution : 11

Let I = [(10x® + 10% loge10)/(10* + x10)dx

Put 10X + x10 =t , then (10x® + 10% loge10)dx = dt
Therefore, I = [dt/t

= loge |t|+ ¢ = loge | 10% + x10| + c.

Q.12. Evaluate : J[1/(1 + cot x)].dx .

Solution : 12

Let I = [[1/(1 + cot x)]dx = [[sin x dx/(sin x + cos x)]dx

= [[{(sin x + cos x) - (cos x - sin x)}/{2(sin x + cos x)}]dx

= (1/2)fdx - (1/2)f[(cos x - sin x)/(cos x + sinx)]dx Put cos x + sin x
=t => (-sin X + cos x )dx = dt

Therefore, I = (1/2)x - (1/2)fdt/t



= (1/2) - (1/2) log |t|+ ¢

= (1/2)x - (1/2) log |cos x + sin x| + c.

Q.13. Evaluate : [[sin? x/(a? + b? sin? x)].dx

Solution : 13

Let I = [[sin 2x/(a2 + b2 sin2 x)].dx.

Put a2 + b2sin2 x = t => b2.(2sin x cos x )dx = dt => sin 2xdx = dt/b2
Therefore, I = 1/b2Jdt/t = 1/b2 log |t]|+ ¢

= 1/b2 log | (a2 + b2 sin? x) | + c.

Q.14. Evaluate : [a/(b +ceX).dx.

Solution : 14

Let I = [fa/(b + ceX).dx = Jae™/(be™ + c).dx

Put beX + c=t=>-be™Xdx =dt

Therefore, I = (-a/b)fdt/t = - a/b log |t| + k - a/b log|(be™ + c|+ k
= - a/b log|b.(1/eX) + c|+ k

= -a/blog [|b + ceX|-log |eX|+ k

= - a/b[ log|b + ceX |- x ] + k.

Q.15. Evaluate : [[1/(eX + e™X)].dx



Solution : 15
Let I = [[1/(eX + e™X)].dx = [[eX/(e®X + 1)].dx
Put eX =t => eXdx = dt

Therefore, I = [dt/(t2 + 1) = tan "1(t) + ¢ = tan "1(ex) + c.

Q.16. Evaluate : [[e?X/(eX + 1)].dx.

Solution : 16

Let I = [[e2X/(eX + 1)].dx = [[(eX.eX)/(e* + 1)].dx

Put ex = t => eXdx = dt

Therefore, I = f[t/(t + 1)]dt = f[{(t + 1) - 1}/(t + 1)]dt
= J[1-{1/(t+ 1)}ldt=t-log [t+ 1]|+cC

=eX-log |[eX+ 1|+c.

Q.17. Evaluate : [[(eX + eX)/(eX - e™X)].dx.

Solution : 17
LetI = [ [(eX + e™X)/(eX - eX)].dx
Putex - eX =t => (eX + eX)dx = dt.

Therefore, I = [(1/t).dt = log |t|+ c = log |eX - e™X|+ c.

Q.18. Evaluate : [{cot(log x)/x}.dx.



Solution : 18
Let I = [[cot(log x)].dx. And put log x =z => (1/x)dx = dz
Therefore, I = [cotz.dz = log |sin z|+ ¢

= log | sin (log x) | + c.

Q.19. Evaluate : [[cos (x — a)/cos x].dx.

Solution : 19

Let I = [[cos (x — a)/cos x].dx

= [[(cos x cos a+ sin x sin a)/cos x]dx
= [[cos a + tan x sin a].dx

= cos a fdx + sin a Jtan x dx

= (cos a) x + sin a log |sec x|+ c.

Q.20. Evaluate : [fdx/V/(1 + sin x).

Solution : 20

Let I = [dx/V(1 + sin Xx)

= [dx/V{1 - cos (n/2 + x)}

= [dx/V{2 sin2 (n/4 + x/2)}

= (1/V2)fcosec (n/4 + x/2).dx
Put n/4 + x/2 = t => dx = 2dt
Therefore, I = (2/V2)[cosec t dt

= V2 log |tan (t/2)|+ c

= V2 log |tan (n/8 + x/4) |+ c.



