Linear Differential Equation

Q.1. Solve the differential equation : (x + 1) dy/dx -y = e3X (x + 1)2.

Solution : 1

We have (x + 1) dy/dx - y = e3X (x + 1)2.
Dividing both sides by (x + 1) , we get
dy/dx - 1/(x + 1) = e3X (x + 1).

Therefore, I. F. = e - [1/(x + 1)dx = e - log(x + 1) = 1/(x + 1) . Multiplying by I. F. we
get 1/(x + 1) [dy/dx - 1/(x + 1)] = e3%X, (x + 1) . 1/(x + 1).

ntegrating both sides , we get y.1/(x + 1) = [e3Xdx Or, y/(x + 1) = (€3%X)/3 + cOr, y =
{(e3%) /3}(x + 1) + c (x + 1) .

Q.2. Solve the differential equation : ydx - (x +2y2)dy = 0 .

Solution : 2

We have ydx - (x + 2y2)dy = 0

Or, ydx/dy - x - 2y2 =0

Or, dx/dy - x/y =2y =0

Or, dx/dy - x/y = 2y

I.F. = eJPdy = ¢ — [(1/y)dy = g -logy = glogy -1 =y _1 = 1/y.
Multiplying both sides by 1/y , we get

1/y[dx/dy = x/y] = 1/yx2y

Integrating , we get

x.1/y = J2dy

Or,x/ly =2y +c=>x=2y2 +cy.



Q.3. Solve the differential equation : tan x dy/dx + 2y = sec x.

Solution : 3

We have tan x dy/dx + 2y = sec x

Or, dy/dx + (2/tan x)y = 1/sin x [dy/dx + Py = Q]

Here we have P = 2/tan x, Q = 1/sin x

I.F.=elPdX=e2(cot xdx = €209 Sin X = eA|og sin? x = sin2 x
Integrating, we get y.sin2 x = [(1/sin x).sin? x dx +

Or, (sin2 x)y = [sin xdx + ¢ = - cos X + ¢

Or, (sin2x)y + cosx =c .

Q.4. Solve the differential equation : (1 - x2) dy/dx - xy = x , giveny = 2 when x = 0 .

Solution : 4

We have, (1 - x2) dy/dx = xy = X

Or, dy/dx = [x /(1 = x?)]y = x/(1 - x?)

The I.F. = P = e~ [-x /(1 - x2%)dx

Then in [-x /(1 - x2)dx [put 1 - x2 = t => dt = -2xdx

= 1/2fdt/t = 1/2 log t

Then P = el/2log t = elogVt = vVt = V(1 - x2)

Therefore, dy/dx.V(1 - x2) - [x/(1 = x2)]yV(1 - x2) = x/(1 - x2)xV(1 - x2)
Or, d/dx[y.V(1 - x2)] = x/V(1 - x2)

Integrating we get [d/dx[y.V(1 - x2)].dx = [[x/V(1 - x2)]dx + ¢

or, y.V(1 - x2) = 1/2 [[2x/V(1 - x%)]dx + ¢



-1/2 f[-2x/(1 - x2)]dx + ¢

-1/2fdt/Vt + c [where, t = 1 - x2 => dt = -2xdx]

-1/2[ t-1/2]1 + ¢
=-V(1-x2)+c

or, yV(1 - x2) + V(1 - x2) = ¢
Puttingx =0andy =2wegetc=3

Hence, yV(1 - x2) + V(1 - x2) = 3.

Q.5. Solve : (1 + vy + x2y)dx + (x + x3)dy = 0.

Solution : 5

We have (1 +y + xzy)dx + (X + x3)dy =0

Or, 1 +vy+ x2y + (x + x3).dy/dx = 0

Or, 1 + y(1 + x2) + x(1 + x2).dy/dx =0

Or, dy/dx + [y(1 + x2)1/[x(1 + x2)] + 1/[x(1 + x2)] = 0
Or, dy/dx + y/x = -1/[x(1 + x?)]

Which is of the form : dy/dx + P.y = Q; P & Q are function of x.
Integrating factor = eJPdx = oJ(1/X)dx [p = 1/x]

— eIogx = X.

Multiplying both sides by I.F., we get

x.[dy/dx + y/x] = x .{-1/[x(1 + x*)]}

Or, x.dy/dx + y = -1 /(1 + x2)

Or, d(x.y)/dx = -1/(1 + x2)

Integrating both sides, we get

Jfd/dx(x.y).dx = [[(-1)/(1 + x2)]dx



Or,xy=tan-1x+c¢

Q.6. Solve : cos? x dy/dx + y = tan x.

Solution : 6

We are given, cos2 x dy/dx + y = tan x

Or, dy/dx +y.sec? x = tan x. sec? x [dividing by cos? x]
This is of the form , dy/dx + Py = Q, here P = sec? x
fP.dx = [sec? x dx = tan x.

Integrating factor = eJP-dx = gtanx

Multiplying both sides by I.F., we get
etan x. dy/dx + y.tan X sec2 x = et@" X tan x. sec? x

Or, d/dx(y.etan x) = et@" X tan x. sec? x.

Integrating both sides we get,

fd/dx(y. etdn X).dx = fet@n X tan x.sec? x. dx
Or, y.tan X = fetan X tan x, sec? x. dx

= feb.t.dt [put tan x = t => sec? x dx = dt]
= tfett.dt - [et.dt [Integrating by parts]
=tet-et +c

= etd" X(tan x -1)

Therefore, the solution is y.t8" X = etan x(tan x - 1) + c.

Q.7. Solve : dy/dx + {2x/(1 + x2)}y = 1/(1 + x?2)2.

Solution : 7



We are given,
dy/dx + {2x/(1 + x2)}y = 1/(1 + x2)2
This is of the form

dy/dx + Py + Q , where P and Q are functions of x.

P = 2x/(1 + x2), then [Pdx = [2x/(1 + x2)dx = log (1 + x2)
Therefore, I.F. = efPdx = e”log (1 + x2) = 1 + x2
Multiplying both sides by (1 + x2), we get

(1 4+ x2).dy/dx + 2x.y = 1/(1 + x2)

Or, d/dx[y.(1 + x2)] = 1/(1 + x2)

Integrating both sides we get

fd/dx[y.(1 + x2)].dx = [dx/(1 + x2) + ¢

Or, y.(1 + x2) = tan -1 (x) + c.

Q.8. Solve : (1 + y2) dx/dy =tan "1y -x.

Solution : 8

We are given, (1 + y2) dx/dy =tan "1y - x
Or, dx/dy = (tan "1 y)/(1 + y2) - x/(1 + y?)
Or, dx/dy + x.{1/(1 + y2)} = tan "1y /(1 + y2)
This is of the form :

dx/dy + Px = Q

JP.dy = fdy/(1 +y2) =tan"ly

I.F. = efPdy = etan "1y

Multiplying by I.F.,

we get ertan "1y [dx/dy + {1/(1 + y2)}.x] = e~tan "1y [tan™1 y/(1 + y?2)]



Or, d/dy[etan "1 y. x] = e~tan "1y [tan "1 y/(1 + y2)]
Integrating ,

we get ertan "1y . x = fertan "1y [tan™1 y/(1 + y2)] dy
Now [ e~tan 1y [tanl y/(1 + y2)]dy

[puty = tan 8 => dy = sec?2 6 d6 and tan "1y = 0]

= [ eB .8. (1/sec?6). sec28. d6

— [8.e6dB = 6. €6 - [1.e0. dB

= 0.e0 - eb = eh.(671)

=e~tan'ly .(tan-ly-1)

Therefore, x.e~tan "1y = e~tan "1y.(tan "1y 1) + c.

Q.9. Solve the following differential equation : sin x dy/dx - y = cos? x sin x tan (x/2).

Solution : 9

We are given,

sin x dy/dx — y = cos? x sin x tan (x/2)

Or, dy/dx - y/sin x = cos? x tan (x/2) [Dividing by sin x]
It is of the form, dy/dx + Py = Q ,

JPdx = [(-1/sin x) dx = [(-cosec x) dx = -log tan (x/2) = log cot (x/2)
I.F. = eJPdx = elog cot (x/2) = cot (x/2)

Multiplying by cot(x/2), we get

(dy/dx - y/sin x) cot(x/2) = cos? x tan (x/2)cot (x/2)
integrating , we get y cot(x/2) = fcos2 x dx + ¢

= [[(1 + cos 2x)/2]dx + ¢

y cot(x/2) = (1/2)x + (sin 2x)/4 = c .



Q.10. Solve the following differential equation for a particular solution : dy = (5x - 4y)dx
; wheny = 0and x = 0.

Solution : 10

We have, dy = (5x - 4y)dx

Or, dy/dx + 4y = 5x

I.F. = ef4dx = e¥X

Multiplying by e4x and integrating we get,
y.e™X = [5x.e¥X dx

= 5x.e¥X/4 - 5/4[e?X dx + ¢

5/4X.e™ - 5/16 e¥X + c.



